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In this letter, we show that the restoration of evanescent wave in perfect lens
obeys a new kind of convergence known as Cesaro convergence. Cesaro convergence
allows us to extend the domain of convergence that is analytically continuing to the
complex plane in terms of Riemann zeta function. Therefore, from the properties of
Riemann zeta function we show that it is not possible to restore the evanescent wave
for all the values of r′z, [here r
′
z is complex]. The special value, that is, r
′
z = 1=2+ib
refers to the non-existence of evanescent wave, is the physicists proof of Riemann
Hypothesis.
J. B. Pendry has shown that when the refractive index ’n’ of a lens is negative, the
evanescent waves can be restored in such a way that they play a role in image formation
[1]. The processes of restoration of evanescent waves gives rise to a batter resolution of the
image, with the optical resolution less than
∆ ≈
2π
kmax
=
2πc
ω
= λ. (1)
The results of perfect lens were challenged by t’Hooft [2] and Williamss [3]. Following
claims were questioned in that reference [2] on causality argument, amplitude transmission
coefficient of the slab and summation over various terms in the geometrical series that do not
converge. In another reference [3] following claims were criticized, that is, perfect lens can
focus light onto an area smaller than a square wavelength, complexity of refractive index,
and the evanescent field is not distinguished between it and the field of a plane wave.
The reply to both criticisms were given in references [4] and [5] respectively. In this letter,
we would like to address the issue of geometric convergence, in the wake of recent work by
the authors [8], that is, metamaterials obey new kind of convergence known as Cesa`ro
convergence. In the reply to geometric convergence [4]it is stated that: ” summation of an
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2infinite series is a standard technique in multiple scattering theory, provided the summation
is made exactly, the correctness of answer survives the formal divergence of the series, and
the result that can be understood through arguments of analytic continuation. The topic is
dealt with in in Ref. [6] and more completely in [7].” It should be noted that the author
in reply has rightly pointed out that the divergence of geometric series is well understood
through analytic continuation, but the author has not given how the analytic continuation
is achieved. Therefore, this is to rectify the inconsistency in argument by showing that
geometric series does converge through a special kind of convergence known as the Cesa`ro
convergence for values out side the range of geometric convergence. This Cesa`ro convergence
allows us to analytic continue the series into complex plane and the summation is given in
terms of Riemann zeta function. This, in turn, makes the refractive index complex and
answers the second question raised in the reference [3].
To demonstrate that the perfect lens obeys the Cesa`ro convergence we follow the proce-
dure and definitions given in the reference [1]. It is well known, in classical optics, that the
image is formed in a 2D plane, also known as focal plane as the object evolves along the
third dimension, perpendicular to the focal plane, into an image. The electric field in focal
plane described by the 2D Fourier components is given by
E(r, t) =
∑
σ,kx,ky
Eσ (kx, ky) exp (ikzz + ikxx+ ikyy − iωt) (2)
and the wave vector along z-axis is defined for ω2c−2 > k2x + k
2
y , as
kz = +
√
ω2c−2 − k2x − k
2
y , (3)
These 2D Fourier components are used for image formation. It is also well known that when
ω2c−2 < k2x + k
2
y the wave vector
kz = +i
√
k2x + k
2
y − ω
2c−2, (4)
gives rise to the evanescent waves. Readers should note that the 2D Fourier components
are the phenomenona of far field, and the evanescent waves are the near field phenomena.
Therefore, the evanescent wave decay much before the image formation when the refractive
index is positive. The evanescent wave is restored if the refractive index is negative. The
transmission coefficient is given by
T = tt′ = exp
(
ik′zd
)
= exp
(
− i
√
ω2c−2 − k2x − k
2
y
)
(5)
3with
k′z = −
√
ω2c−2 − k2x − k
2
y (6)
by matching the fields at boundary
t =
2µkz
µkz + k′z
, r =
µkz − k
′
z
µkz + k′z
(7)
and the waves inside medium give
t′ =
2k′z
k′z + µkz
, r′ =
k′z − µkz
k′z + µkz
(8)
the transmission through both surfaces of the slab computed by summing the multiple
scattering events
TS = tt
′exp
(
ik′zd
)
+ tt′r′2exp
(
3ik′zd
)
+tt′r′4exp
(
5ik′zd
)
+ · · ·
=
tt′exp
(
ik′zd
)
1− r′2exp
(
2ik′zd
) (9)
by taking the limit µ = ǫ = −1 and by substituting the transmission and reflection coeffi-
cients the following result will be obtained
lim
ε→−1
µ→−1
TS = lim
ε→−1
µ→−1
tt′exp
(
ik′zd
)
1− r′2 exp
(
2ik′zd
)
= exp
(
− ik′zd
)
= exp
(
− ikzd
)
(10)
Similar results are obtained for reflection coefficient.
The point of contest is the series in equation (9) does not converge for all values of the
r′2 which restricts r′2 < 1. It can be seen explicitly by taking k′zd = π which reduces the
series to be
TS = −tt
′(1 + r′2 + r′4 + · · · )
=
tt′
1− r′2
(11)
4As pointed out in reference [7] the value of ǫ and µ are complex, hence we consider r′ = i.
We justify this value of r′ as we are going show that the geometric series outside the range of
convergence obeys Cesa`ro convergence which in turn makes r′ complex. The value of r′ = i
implies µ = 1−i
1+i
= (1 − i)2/2 with k′z = kz in equation (9) then the series in equation (11)
reduces to
TS = −tt
′(1− 1 + 1− 1 + 1 · · · ) (12)
In literature, the series in equation (12) is known as Grandi’s series. Grandi’s series does
not obey the regular geometric convergence that is the sum to infinity
∑
∞
0 x
n = 1
1−x
is not
defined. It is well known that for a geometric series to converge, the value of x should lie in
the range −1 < x < 1; here −1 and 1 are also excluded. In Grandi’s series, the value of x
is x = −1 as given
Q = 1− 1 + 1− 1 + 1....... =
+∞∑
n=0
Qj =
+∞∑
n=0
(−1)n. (13)
It is interesting to note that Ramanujan [9] has used the value of x = −1 in the geometric
series sum to infinity
∑
∞
0 x
n = 1
1−x
and obtained the value of
∑
∞
0 x
n = 1/2. The value of
1/2 as the sum to infinite series in equation (13) is justified if we assume that the Grandi’s
series obeys Cesa`ro convergence. We give a brief description of Cesa`ro convergence bellow:
For a geometric series to converge the sequence of partial sums should converge to real
number. The sequence of partial sums for Grandi’s series gives
P0 = Q0 = 1, ; P1 = Q0 +Q1 = 0, ; (14)
P2 = Q0 +Q1 +Q2 = 1, ; (15)
P3 = Q0 +Q1 +Q2 +Q3 = 0, ...... (16)
It is clear for equation (14) that the sequence of partial sums does not converge to a real
number. But, the sum to infinity of geometric series gives
∑
∞
0 (−1)
n = 1
1−(−1)
= 1
2
, a
real number. The RHS converges and LHS diverges, hence for consistency we consider the
averages of partial sums, that is,
P0
1
= 1, ;
P0 + P1
2
=
1
2
, (17)
P0 + P1 + P2
3
=
2
3
, (18)
P0 + P1 + P2 + P3
4
=
2
4
(19)
5and so on. Sequence of the average of partial sums gives
Pn =
1
n
n∑
k=1
Qn =
1
1
,
1
2
,
2
3
,
2
4
,
3
5
,
3
6
,
4
7
,
4
8
,
5
9
,
5
10
, ... (20)
The equation (20) is recasted as
Pn =


1
2
, for n odd
1
2
+ 1
2n+2
, for n even
(21)
which, as n goes to infinity, converges to 1
2
. From the equation (20), it is clear that the
average of partial sums converges to a real number, and this kind of convergence is known
as Cesa`ro Convergence. A series
∑n
j=0 aj is Cesa`ro summable if this satisfies the following
theorem:
Theorem 1 Suppose
∑n
j=0 aj is a convergent series with sum, say L. Then
∑n
j=0 aj is
Cesa`ro summable to L.
lim
n→∞
sn = L ∈ R ⇒ lim
n→∞
σn = L ∈ R. (22)
The proof is given in [10]. Following are the properties of Cesa`ro sums: If
∑
n an = A and∑
n bn = B are convergent series, then
i. Sum-Difference Rule:
∑
n(an ± bn) =
∑
n an ±
∑
n bn = A ± B
ii. Constant Multiple Rule :
∑
n c an = c
∑
n an = cA for any real number c.
iii. The product of AB =
∑
n an
∑
n bn also as Cesa`ro sums.
The sequence in equation (13) has two possibilities; one case is that the sequence ends
with an even number of terms, and the other argument is that series ends with an odd
number of terms. For even of terms, the partial sums add to s2n = 0, and for the odd
number of terms, the partial sums add to s2n+1 = 1; then the average of even and odd is
1/2. Then, by followings the theorem1 we get
σ2n+1 =
1
2n+ 1
(1 + 0 + 1 + 0 + ...+ 1) =
n + 1
2n+ 1
(23)
σ2n =
1
2n
(1 + 0 + 1 + 0 + ...+ 0) =
1
2
(24)
Then, by applying theorem 1 we get
lim
n→∞
σ2n = lim
n→∞
σ2n+1 =
1
2
. (25)
6Hence, substituting (25) in equation (12), also we get the values of tt′ = 2 using equations
(7) and (8) with µ = (1− i)2/2 and kz = k
′
z gives
TS = −1 (26)
Therefore, we recover the result of in the reference [1] for k′zd = π and the transmission
coefficient in equation (9) obeys Cesa`ro Convergence. If a series is Cesa`ro summable, the
argument in the series becomes complex [11]. Thus, Cesa`ro Convergence allows us to analyt-
ically continue the geometric series to the complex plane. A similar results can be obtained
for reflection coefficient as shown in the reference [1]. It should be noted, we have only
shown that Cesa`ro Convergence is satisfied for a particular value in equation (9). To de-
rive a more general result we analytically continue the series in equation (9) by Riemann
Zeta(ζ) function. We obtain this result as Cesa`ro Convergence is intimately connected to
the Riemann Zeta(ζ) function through the Dirichlet eta function
η(s) = 1−
1
2s
+
1
3s
−
1
4s
+
1
5s
+ .... (27)
=
(
1 +
1
2s
+
1
3s
+
1
4s
+
1
5s
+ ..
)
−
(
2
2s
+
2
4s
+
2
6s
+
2
8s
+ ..
)
= ζ(s)−
1
2s−1
ζ(s) = (1− 21−s)ζ(s). (28)
where Dirichlet eta function is given by
η(s) =
+∞∑
k=1
(−1)k
ks
= 1−
1
2s
+
1
3s
−
1
4s
+
1
5s
+ ...... (29)
The Grandi’s series is obtained from Dirichlet eta function for the value s = 0. To obtain
Riemann Zeta(ζ) function for the transmission coefficient we map the value of r′2 to e−2r
here n = 1, 2, · · · this reduces the equation (9) to be
TS = tt
′(eiKzd + e−2rei3Kzd + e−4rei5Kzd + · · · )
=
tt′exp
(
ik′zd
)
1− e2rexp
(
2ik′zd
) (30)
7The series in equation (9) is written as
TS = tt
′
n∑
s=0
exp(−2sr + (2s+ 1)ik′zd) (31)
Euler derived Riemann Zeta(ζ) function through the following series
e−y − e−2y + e−3y − e−4y + · · · =
1
ey + 1
, (32)
which converges for all y > 0. For y = 0 the equation (32) reduces to Grandi’s series.
To obtain Riemann Zeta function for the transmission coefficient r in equation (31) be
complex and should reduced to equation (32). As r in equation (31) has to be complex we
assume r = q + iπ/2 this gives
TS = tt
′
n∑
s=0
exp(−2s(q + iπ/2) + (2s+ 1)ik′zd)) (33)
this reduces to
TS = tt
′eik
′
z
d
n∑
s=0
(−1)sexp(−2s(q + ik′zd)) (34)
Taking y = (q + ik′zd)/2 we obtain equation (32).
By differentiating equation (32) n times, we obtain
1ne−y − 2ne−2y + 3ne−3y − 4ne−4y + · · · = (−1)n
dn
dyn
(
1
ey + 1
)
, (35)
which again converges for any y > 0. Then by expanding the function 1/(ey + 1) around
y = 0 using Taylor series, we get
1
ey + 1
=
∞∑
k=0
aky
k (36)
Euler, by assuming k to be complex in equation (36) derived the following functional form
of Riemann Zeta function [12, 13]
ζ(1− s) = 2(2π)−scos
(sπ
2
)
Γ(s)ζ(s), (37)
where s is complex. Readers should note that s is related to k in the equation (36). For
more details refer to [12, 13]. Thus, the transmission coefficient in terms of Riemann zeta
function is given by
TS = 2(2π)
−stt′cos
(sπ
2
)
Γ(s)ζ(s)eik
′
zd. (38)
8Therefore, we have shown that the transmission coefficient in equation (9) obeys a new
kind of convergence known as Cesa`ro convergence and this, in turn, has allowed us to
analytically continue the series in terms of Riemann Zeta function. Similarly, another series
given in the reference [1] also can be written in terms of Riemann Zeta function.
By applying zeros of Riemann Zeta function we find some interesting behavior of the
perfect lens. Riemann Zeta function has trivial zeros at ζ(−2s) and non-trivial zeros, which
are conjectured Riemann known as Riemann hypothesis on the half line, that is, ζ(1/2 +
iy). by question would arise when ζ(s) = 0. Whenever the Riemann Zeta function is
zero, we find that the transmission coefficient in equation (9) is zero that is evanescent
wave vanishes. Thus, evanescent wave vanishes at the trivial and non-trivial zeros of the
Riemann Zeta function. Therefore, we have shown that by analytically continuing the
transmission coefficient to the complex plane evanescent wave will not be restored for all
values of r′ in equation (9). More interesting case will be the non-trivial zeros of Riemann
Zeta function. Absence of evanescent wave on the half line is a restatement of Riemann
hypothesis. Therefore, if one experimentally demonstrates the absence of evanescent wave
on the half line, it is the proof of physicist of Riemann hypothesis.
In conclusion, we show that the restoration of evanescent wave in perfect lens obeys a
new kind of convergence known as Cesa`ro convergence. This Cesa`ro convergence allow us
to extend the domain of convergence that is analytically continuing, to the complex plane
in terms of Riemann zeta function. By analytical continuation of transmission coefficient
to complex plane we have successfully answered the question raised on the convergence of
geometric series in reference [2]. This, in turn, also answers the question on complexity of
refractive index in the reference [3]. Thus, we have shown from the properties of Riemann
zeta function that it is not possible to restore the evanescent wave for all values of r′, [here
r′ is complex]. The special value, that is, r′ = 1/2 + ib establishes the non-existence of
evanescent wave, which is the physicists proof of Riemann Hypothesis.
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